Abstract
Portfolio analysis with DEA: prior to choosing a model
Introduction
Since the seminal work of Markowitz (1952) on portfolio selection, several tools, models and approaches for decision-making have been developed in the financial and economics literature to evaluate the performance of portfolios of financial assets. The mean-variance approach introduced by Markowitz relies on the construction of a frontier relative to which portfolio performance is measured. Parallel to this literature, a methodology for performance measurement of decision-making units (DMUs) was being developed in the economics and operational research literature with Data Envelopment Analysis (DEA), a non-parametric tool. The junction between portfolio selection through quadratic optimization and the methodology with DEA inherited from operational research can be found in Sengupta (1989) , but it took until Murthi, Choi & Desai (1997) to identify DEA as an "extremely useful technique for measuring efficiency" of mutual funds. While they used a CCR 1 model on mutual funds, the following contribution of McMullen & Strong (1998) used a BCC 2 model. Premachandra, Powell & Shi (1998) then introduced stochastic DEA and studied stock indexes, and Morey & Morey (1999) used DEA for multi-horizon portfolio analysis. Since then, numerous studies have strictly transposed the whole methodology used in production theory and operational research to the study of portfolios of financial assets with DEA without necessarily questioning the accuracy of such transposal. Though these works contributed to the elaboration of a general approach for measuring single-period portfolio efficiency in multi-moments frameworks (see Briec & Kerstens, 2010) , some adjustments to the traditional methodology can still be proposed in order to make it suited to the analysis of financial assets, by so much as the definition of the underlying technology or the choice of a model orientation.
In a recent article Cook, Tone & Zhu (2014) list several modeling issues raised by an ill-adapted transposal of DEA models to various fields of research. In order to bring adequate solutions to these issues and ensure proper modeling, they also list a series of questions that should be answered prior to any analysis with DEA. In this article we intend to question the traditional definition of a technology in the context of portfolio analysis, realized through the identification of DMUs, the proper selection of input and output variables and the definition of a set of axioms. Answering the questions raised in Cook, Tone & Zhu (2014) , we identify what can be the purpose of performance measurement and analysis and how it can impact the identification of DMUs or model orientation. We propose to apply a similar treatment to risk as the one used for byproducts in weakly disposable DEA models, provide arguments to support our choice and show the consequences on the definition of the technology and model orientations. We eventually propose to modify the traditional set of axioms inherited from production theory to take into account the correlations between assets' returns, the possibility of risk-free investments and the implications of risk reduction on the level of expected return.
The first question raised by Cook, Tone & Zhu (2014) relates to the purpose of performance measurement and analysis. In both portfolio theory and production theory, performance evaluation can be considered under the two complementary angles of technical and allocative efficiency. Technical efficiency of financial assets can provide information on the return on investment relative to the various costs incurred, independently from any system of prices (with no regards to the decision-makers' preferences in portfolio analysis). Allocative efficiency is estimated relative to a profit-maximizing strategy (relative to a utilitymaximizing strategy in portfolio analysis, provided that the parameters of the utility function are known). While most studies in the literature focus on technical efficiency, Briec, Kerstens & Lesourd (2004) and Briec, Kerstens & Jokund (2007) also show how economic efficiency can be reached.
The purpose of the study can then range from portfolio selection (from the perspective of investors), portfolio construction or portfolio management (either from the perspective of individual investors or fund managers) to efficiency measurement of the financial markets. While technical efficiency of portfolio construction can be measured relative to the set of the portfolio's possible holdings (individual securities), technical efficiency of portfolio selection ought to be measured relative to a set of already constituted portfolios.
3 In this latter case, convexity will not be assumed as a regularity condition; the objective of the study consists in benchmarking existing funds and either provide a ranking of the portfolios (as in Premachandra, Powell & Shi (1998) or Morey & Morey, 1999) or simply study the technically inefficient portfolios (as in Basso & Funari, 2001) . Further analysis can then be made on the determinants of portfolio inefficiency in order to study the drivers of the funds' performance in two-steps DEA (as in Galagedera & Silvapulle, 2002) , which should theoretically converge to the results of a fundamental analysis. Allocative efficiency of portfolio management or portfolio selection can also be measured in order to assess to which extend fund managers or investors succeed in reaching their individual objectives regarding either the fund's orientation or their respective preferences towards risks. 4 Corollary questions to the purpose of the study are the choice of a theoretical framework to study technical efficiency on the one hand, and the identification of the study-makers' or decision-makers' preferences to study allocative efficiency on the other hand. Regarding the theoretical framework, Cook, Tone & Zhu (2014) remind the importance of spending more time, prior to the analysis, determining what matters to the study-maker ("the precise measures deemed important by management"). The theoretical framework impacts the definition of the technology by determining the set of inputs, outputs and the definition of a set of regularity conditions. Though performance evaluation can accurately be based on past records, its corollary risk measurement may also require resorting to fundamental analysis if it has a predictive intent, so that expectations about future prices can be formed from accounting information and used in a decision-making process. If this is especially true for individual stocks, performance assessment and risk measurement of investment funds can still accurately rely on historical records on the grounds that higher performance demonstrates superior management skills that can back up more favorable expectations about the funds' future performance. Predicting price and return remains a difficult challenge; as a consequence, whenever the objective of the study relates to portfolio selection in order to achieve future performance, decision-makers deal with the records of past returns to form their expectations. Most studies on portfolio performance with DEA until now have consequently adopted a retrospective approach, though Briec & Kerstens (2009) introduce a few thoughts for a prospective approach.
Regarding the parameters of the utility functions, preference for higher mean returns and aversion to a higher variance of returns are systematically assumed by study-makers. However, a whole part of the literature in economics and empirical finance has developed around the question of riskier choices and preferences for increases in even moments (from Blum & Friend (1975) to Golee & Tamarkin (1998) , Astebro (2003 ), or Bali, Cakici & Whitelaw, 2010 . From this literature we keep here only one major finding: the choice of a random prospect with a higher variance does not necessarily imply a preference for an increase in risk 5 in a multi-moments framework. In other words, risk aversion and the choice of a portfolio of financial assets with a higher variance are not mutually exclusive. At constant mean, such choice can be attributed to the impact of higher-order moments; in any other case, it can simply result from a utility function that attributes higher utility to riskier prospects, provided that they offer a high enough return. For this reason, measuring performance relative to a set of efficient but systematically less risky DMUs is too restrictive and ought to be reconsidered.
(3) The simultaneous risk reduction and return augmentation ( and used in Briec & al. (2007) and Briec & Kerstens, 2009) can also be considered However, if the even though all DMUs with a lower variance and a higher return dominate the set of observed DMUs. Indeed, only the evaluation relative to a portfolio with a lower variance at a constant mean guarantees that the choice results from risk-aversion (risk-lovers could prefer a portfolio with a higher return and a lower variance for the higher return it provides). Unless the parameters of the utility function are known, nothing can theoretically justify a measurement of performance relative to a DMU that has neither the same level of risk nor 'expansion path', its output mix. As proved by the first two moments such direction can provide information on the variation in utility that results from reaching the efficient frontier, regardless of the parameters of the utility function. A radial expansion of the observed DMU is a convex quadratic function of the mean return; the resulting non-convexity of the set frontier is consequently an issue only whenever we measure performance using a direction vector that follows an expansion path.
Axioms of "no free lunch" and the possibility of inaction
The axiom of "no free lunch" has often been considered in financial analysis as equivalent to an assumption of fair pricing on the markets. However, Barberis & Thaler (2003) remind that this equivalence holds in efficient markets only, and while correct pricing implies no free lunch, the opposite is not true. Market inefficiency does not necessarily imply free lunches, and market inefficiency is certainly not to be deduced from the sole inability of investors to generate excess return over the market's return. Arbitrage strategies are led by rational investors often referred to as 'arbitrageurs' and are possible as long as some assets are mispriced on the market. Though the strict definition of arbitrage refers to some riskless profit opportunities, these arbitrages are not necessarily riskless opportunities, as rational investors on inefficient markets still lack some information. The traditional axiom of 'no free lunch' can be expressed as in (3.2.1), for any non-negative vector of input and any vector of output and production possibility set such that = {( , ) ∶ }. In an approach that assimilates risk to an input, the axiom of 'no free lunch' implies that if no second-order risk characterizes the asset, no return can be generated, which contradicts the existence of assets that are considered free of risk and at the same time generate positive returns (such as Tbills). The axiom of 'no free lunch' therefore precludes the introduction of risk-free assets in the portfolio or the proper analysis of any portfolio with a guaranteed minimum return under an approach that would consider risk as an input. Such drawback could however be overcome by using specific measures of return: in case the excess return over the risk-free rate is used instead of the mean return, this axiom allows taking a risk-free asset into consideration and implies that if no second-order risk characterizes the asset, no excess return can be generated over the risk-free rate. If however second-order risk is defined as an output, the axiom can then be defined as in (3.2.2) and simply implies that for a distribution of returns to be generated, there must be some strictly positive initial investment. However, if short selling or any kind of leverage was allowed it would then be necessary to define an input specific to that kind of investment in order to account for the initial operations implied (borrowing the shares, finding a counterpart, arbitraging). Then, though no single cost can theoretically be incurred, the action undertaken by the investor would be taken into account and the principle of 'no free lunch' would still hold. A zero input vector would remain specific to the very specific case of 'doing nothing' that excludes short selling.
The axiom of the possibility of inaction -sometimes referred to as "doing nothing is feasible" -could be expressed in two ways depending on the assumption of disposability on inputs. On the one hand, the 'raw' axiom of inaction only assumes the possibility of producing no output from a zero vector of input. On the other hand, the 'extended' axiom of inaction (or axiom of 'near' inaction) adds a disposability component to the input variables and assumes the possibility of producing nothing from any non-negative level of input. In an approach that assimilates risk to an input, 'raw' inaction implies that riskless holdings that generate no return belong to the technology set, such that ( , ) ∈ . The origin of the production possibility set can in this case represent any holding generating neither risk nor return (cash holdings or cash equivalent, or any theoretical DMU obtained from the free disposal of a riskless investment). The inclusion of such assets in the technology set can however be hampered by some returns to scale assumptions when no such holding is observed and included in the set directly from the sample set of DMUs. For a classical DEA under VRS or NDRS, the origin does not belong to the set , except if the axiom of convexity always accepted under the DEA-production approach was rejected.
When risk is assimilated to an output, the representation of cash holdings is the origin of each output set of the output correspondence. The raw axiom of inaction ( ∈ ( ) for = ) then implies that making no initial investment in any portfolio is possible and will result in no generation of a distribution of returns (and consequently a zero-risk and a zero-return). Still, it does not ensure that the origin of the set belongs to any output set regardless of the level of input (initial investment). It therefore fails to ensure that holding cash or cash equivalents is allowed for any initial amount to be invested. While this axiom relates to the possibility of holding cash under the traditional approach, it only relates to the possibility of doing nothing under the output-oriented approach, which matches its initial meaning.
3.3.
To the best of our knowledge, every portfolio analysis with DEA until now has assumed free disposability on input and output variables (which means on both risks and preference is assumed among investors it can be interesting to consider the possibility of the expansion path that would increase both. As shown in the following illustrations, even though costly (weak) disposability is not imposed on the undesirable output but free disposability is kept
Introducing jointness to the models
In order to illustrate the changes incurred by the proposed adjustments, we use the data of Morey & Morey (1999) . 13 While the recommend using an FDH estimator rather than DEA, we keep it here for the sake of the illustration: this data set can easily be found and processed by the reader, and also presents the advantage of having been used for three models orientations: risk reduction and return augmentation in the original paper, and simultaneous risk reduction and return augmentation in Briec, Kertens & Lesourd (2004) and more recently in Briec & Kerstens (2009) to illustrate the changes in the original methodology.
, the impact If the orientation towards an increase in return only was chosen, the above changes would only impact the efficiency and ranking of one DMU in this sample ( ) that carries the highest level of risk but provide the highest attainable return for that level of risk. It would have been deemed inefficient under the traditional approach due to both the assumption of free disposability on return and the model orientation.
Appendix 3 proposed a comparison can also be made between the scores and rankings obtained by the traditional approach based on (3.4.1) and (3.4.2) and the adjusted one proposed in (3.5.1) and (3.5.2). The increase in efficiency is of course very high for the riskier assets regardless of their returns (with an average gain in efficiency score of 69% on the sample and decreases in efficiency scores for only 4 funds out of 26). The observation of such an increase in efficiency scores for the whole sample with the direction of the expansion path may question the consistency of other directions if it is assumed that markets are characterized by efficiency.
Returns to scale assumptions
Jointness is a key assumption in the context of portfolio analysis: on the one hand, we know that on the financial markets risk can only be reduced through diversification or at the cost of hedging, but once the higher degree of diversification has been reached only the inclusion of some riskless assets like cash in portfolios can further reduce risk. On the other hand, the expected return-risk relationship is positive and can justifies the assumption of jointness as well on an expected return-risk framework. Assuming jointness or imposing the inclusion of cash in the set of DMUs is then relevant for portfolio performance measurement (both solutions will deem similar efficiency measurement in a mean-variance analysis). To this regards, Liu, Zhou, Liu & Xiao (2015) propose to include cash in the analysis by replacing the constraint ∑ =1 = 1 (the convexity constraint of activity vectors for a set of DMUs ) by a constraint ∑ =1 ≤ 1 that is actually a mix of the convexity constraint and the Non-Increasing Returns to Scale (NIRS) constraint on some scale parameter that should be such that 0 ≤ ≤ 1. The new 'convexity constraint' they propose should consequently be written ∑ =1 ≤ 1 with = . Their answer to the need of including a risk-free asset in the portfolio possibility set is to assume NIRS, which includes the origin of the set to the set of possible portfolios but ensures the inclusion of a risk-free asset only if and only if excess returns (above the risk-free rate) are considered instead of returns, which is not the case As financial assets differ from traditional DMUs studied in production theory or operations research, performance of such assets cannot consequently be assessed by applying a strictly identical methodology, even if the non-parametric tool (DEA) is the same. From the definition of the underlying technology to the choice of the appropriate model orientation, the whole methodology that has been developed for the use of DEA and almost strictly transposed to the analysis of portfolios is questioned and adjustments are proposed. Prior to the analysis, identifying the purpose of performance measurement is a key concern in a field in which most studies have applied an identical methodology and transposed models from production theory to financial assets of various natures, from individual stocks to portfolios like mutual funds, hedge funds or CTAs. This article emphasizes on the differences between the various purposes of performance measurement and proposes a reflection on how they can impact the traditional set of regularity conditions: it questions for instance the accuracy of assuming when studying already constituted portfolios. The 'financial production process' is also redefined as the generation of a distribution of returns over time by an initial investment, which implies to run the analysis the output correspondence for multi-moment frameworks. Beyond its theoretical basis, the assimilation of risk to an output results in convenient consequences on the consistency of the set of axioms and opens the door to new model orientations. By using simple illustrations we show how much the resulting definition of the technology and the new model orientation can impact efficiency scores and rankings of the portfolios. Huge potential increases in efficiency scores question the traditional choice of systematic risk reduction on markets that are theoretically recognized as efficient. Unless the theoretical frameworks are ill-adapted, such variations in efficiency scores lead to reconsider either the assumption of market efficiency, the definition of the technology or the model orientations. The definition of the technology we provide here also allows including a range of preferences that remain ignored by the practitioners in finance, though studied in the literature. Performance can now be measured relative to the frontier of the mean-variance correspondence of the technology set that allows for new model orientations. 
